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Simplified Design and Life Prediction
of Rocket Thrust Chambers

J.S. Porowski,* WJ. O'Donnell,t M.L. Badlani,t B. Kasraie§
O'Donnell & Associates, Inc. Pittsburgh, Pennsylvania

and

H.J. Kasper^
NASA Lewis Research Center, Cleveland, Ohio

An analytical procedure for predicting thrust chamber life is developed. The hot-gas wall ligaments separating
the coolant and combustion gas are subjected to pressure loading and severe thermal cycling. The resulting stresses
interact during plastic straining causing incremental bulging of the ligaments during each firing cycle. This
mechanism of plastic ratcheting is analyzed and a method using a yield surface for combined bending and
membrane loading is developed for determining the incremental permanent deflection and progressive thinning
near the center of the ligaments. Fatigue and tensile instability are analyzed as possible failure modes. Results of
the simplified analyses compare favorably with available experimental data and finite element analysis results for
OFHC (Oxygen Free High Conductivity) copper. They are also in reasonably good agreement with experimental
data for NARloy Z, a copper-zirconium silver alloy.

Nomenclature
a = axial length
A = material constant, also equation arbitrary

positive scalar
D = rate of dissipation
E = modulus of elasticity
F = yield surface
2H = thickness of ligament

K = curvature
*? = width of ligament in hoop direction
m = generalized bending stress variable
M = bending moment in ligament
M0 = yield bending moment
n = generalized hoop stress variable; also

strain hardening exponent in stress strain law
N = hoop force in ligament; also number of cycles
N0 = yield hoop force
P = pressure
s — generalized shear stress variable
S = shear force in ligament
S0 = yield shear force
Sy = average yield stress in tension
•Sy'min ^ ligament yield strength for minimum a (7) — 7^)
Symax = ligament yield strength for maximum a(TJ — T0)
t = ligament thickness
tN = thinning after N cycles
'max = maximum ligament thickness
tmin = minimum ligament thickness
Tf = average temperature of ligament
T0 = average temperature of closeout wall

Ac

w = width of rib
a — coefficient of thermal expansion; also

stress ratio o2/ai
y = shear strain
8 = deflection per cycle
A/? = pressure difference between coolant pressure

and combustion gas pressure
= plastic strain range in hoop direction
= plastic strain range in hoop direction due

to differential thermal expansion
Ac^ = correction to plastic strain range in hoop direction

due to thermally induced bending
c,€ 7 = hoop strain
c2 = axial strain
c5 = radial strain
€/av = average hoop strain in ligament
cy . = hoop strain in minimum ligament section
€2 . = axial strain in minimum ligament section
_ min . *-̂
c = effective strain
€cr = critical effective strain
^min = effective strain in minimum ligament section
6 = generalized bending strain variable
X = generalized hoop strain variable
v = Poisson's ratio
Of = hoop stress
o2 -•= axial stress
oh = bending stress
o = effective stress
<J> = generalized shear strain variable
(*) = rate
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Introduction

L IFE predictions of regeneratively liquid cooled rocket
thrust chambers have been based on low cycle fatigue

principles. Tests of thrust chambers, however,1'2 revealed that
coolant channel walls in the failed areas have exhibited pro-
gressive incremental thinning and bulging during the heating
and cooling cycle associated with each firing. Ductile rupture
often occurs before development of fatigue failure. .Thus,
material tensile instability was considered in addition to fa-
tigue in the present structural evaluation.
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The mechanism of inner layer incremental distortion can be
investigated by inelastic finite element analysis. For cyclic
histories, however, such analyses are difficult to perform and
require extensive computer time. Their use for a single char-
acteristic case is feasible and provides valuable information.
Such methods, however, are not suitable for evaluating the
effects of changing various design and operating parameters
such as geometric configurations, material properties, pres-
sures, and temperatures. More general methods which do not
require lengthy inelastic finite element solutions are therefore
needed.

The present work is thus aimed at analyzing the failure
mode of the cyclically loaded thrust chamber, developing a
simplified but conservative method for evaluating the strains
and deformations, and providing a simplified design proce-
dure for predicting its cyclic life.

Plug Nozzle Thrust Chamber
The plug nozzle thrust chamber of Fig. 1 is considered. The

plug nozzle assembly consisting of the contoured centerbody
and flanged cylinder is shown, along with cross-sectional
details of the cylinder. The dimensions shown are for the
experimental thrust chamber tested at NASA Lewis Research
Center. Although the diameter and length of the nozzle are
reduced, the dimensions of the cooling channels are similar to
those for a full scale thrust nozzle. The inner wall of the
cylinder contains axial flow coolant channels of constant cross
section and is constructed from either OFHC copper, or
half-hard Amzirc or NARloy-Z. The closeout wall is electro-
formed copper in all cases.

Typical firing cycle history data for the thrust chamber is
illustrated in Fig. 2. The first cycle begins with a cooling
period when the liquid hydrogen enters the channels. The
uniform temperature of 53°R is reached before a sudden rise
of temperature beginning at the ignition point of 1.5 s. The
data refer to the critical section where failures were observed
during testing. Only this section was considered in the analy-
sis.

Development of a Simplified Analytical Procedure for
Determining Hot-Gas Wall Deformation and Strain

The hot-gas wall ligaments separating the coolant and the
combustion gas are subjected to pressure and severe thermal
cycling. The resulting stresses interact during plastic straining
causing incremental bulging directed radially inward. The
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Fig. 3 Plastic ratcheting due to interaction of pressure-induced bend-
ing and cyclic in-plane straining.

mechanism of pressure induced ratcheting is illustrated in Fig.
3. Primary bending stresses persist during alternate in-plane
cyclic straining resulting in a small repetitive incremental
permanent deflection of the ligaments during each firing cycle.

The approach used to determine increments of plastic strain
within the load cycles is explained in Fig. 4. The hoop force
and bending moment acting on the rectangular cross section
as shown in the top part of Fig. 4 are considered. The bar
simulates the response of the ligament of a cooling channel
between the two ribs. The bar is cyclically stretched and
squeezed plastically in the presence of maintained bending.
Note that the axial direction in the beam model corresponds
to the hoop direction in the ligament.

To obtain a conservative bound on the plastic strain incre-
ments, strain hardening of the material is ignored.

The yield surface for a beam subjected to bending and hoop
force is composed of two parabolas and is defined by the
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Fig. 4 Plastic ratchet increments in a bar of rectangular cross section
subjected to sustained bending moment and cyclic axial strain.

relation:3

where m and n are dirriensionless variables defined by:

M
m — ~JJ~T

N

(1)

(2a)

(2b)

In the above, N and M denote the hoop force and bending
moment, while N0 and M0 denote the yield hoop force and
yield bending moment given by:

N0 = 2HSy (3a)

(3b)

for a rectangular beam of unit width, height 2H and yield
stress Sy.

Plastic flow vectors q are normal to the yield curve. The
curve is plotted using generalized stresses n and m related to
the hoop and bending tractions, respectively. The associated
generalized strain rates X and 6 are defined by the average
hoop strain rate c, and the rate of curvature of the bent bar,
K, respectively. If hoop increment of plastic strain is known,
the corresponding increment of curvature is defined by the
slope of the yield surface and can be determined (based on
normality of resulting strain rate vector q) as shown in the
bottom part of Fig. 4.

The generalized strain rates can be obtained by partial
differentiation of Eq. (1) as follows:

(4a)

(4b)

where A is an arbitrary positive scalar. Thus, for the interac-
tion of hoop and bending loads, the relation between X and 6

components of the q vector is simply:

X 2n (5)

For known values of bending m which remain constant
within the cycle, n can be obtained from the yield line Eq. (1).
Hoop increments of plastic strain are being reversed within
two halves of the thermal cycle. However, plastic increments
of curvature resulting within each half of the thermal cycle are
of the same sign. Thus they accumulate, causing ratchet bulg-
ing of the cooling channel wall.

With high pressures in the cooling channels, the model of
the nozzle must also include shear stress T. The method of
analysis is analogous. However, the solution includes also
generalized shear stress and the corresponding shear strain.

The yield surface based on Tresca's yield criterion is then
given by Peterson, et al.4

(6a)

where

and ^ = 2r/Sy is the dimensionless shear stress.
Using the normality law:

(6b)

(7a)

(7b)

(7c)

the proportions between the strain components are thus:

dF dF r. 7 / ~ \ I ~ ws \ x0x• — • — = v 1 — s :(2n) :\ 2s — • (8)
! dn ds \ Y; _ S2 }

dF
dm

The generaHzed variables X and 0 can be related to the
hoop strain, curvature, and shear strain by considering the
rate of dissipation D given by:3

D = MK+Nt + yS (9)

where M, N, and S denote the bending moment, hoop force,
and shear force, respectively, and AT, c and y denote the
curvature rate, hoop strain rate, and shear strain rate, respec-
tively.

Using Eq. (2), Eq. (9) can be written as

D = mM0K + nN0i + sS0y (lOa)

where

_ _ _ = .
S0 S HS (lOb)

since the cross-sectional area for unit width equals 2H.
Then, using Eqs. (3) and (lOb):

(lla)

(Hb)

Thus the relationship between the generaHzed strain rates and
the hoop strain rate, curvature rate and shear strain rate are,
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respectively

(12a)

(12b)

(12c)

For known increments of hoop strains and given values of
m and s, the remaining components of strain are determined
by relation (8). Since the load point must remain on the yield
surface, the given values of m and s determine «, which is
obtained from Eq. (6a).

It can be shown from the generalized yield surfaces derived4

that though the yield surf ace given by Eq. (6a) is derived for a
uniaxial model, it also holds for biaxial conditions when
n2<ni Ini = n = hoop stress variable in Eq. (6a)] and m and
s are small, as in the present case. Thus the generalized strain
relationships derived above are also applicable for the biaxial
case.

For the complete cycle, the plastic strain generated by the
temperature difference during heat-up in the hoop direction is
fully reversed when the temperature becomes uniform at the
end of the cycle. Thus,

C-CJ-2AC,, (13)

where Ac^ is given by the sum of the plastic strain range due
to differential thermal expansion Ae^ , and the correction due
to thermally induced bending, A€^ .

Since the thickness of the ligament is small with respect to
the thickness of the closeout wall, the elastic deformation of
the closeout wall can be disregarded. Denoting the average
temperatures of the ligament and closeout wall by Ti and T0,
respectively, the hoop strain range due to differential thermal
expansion is given by:

where a, and a0 are the thermal expansion coefficients of the
ligament and closeout, respectively, and (TJa/ — T0a0)max and

— T0ot0)n^n are the maximum and minimum thermal
strains, respectively, that occur during the loading cycle. Sy
and Symin are, respectively, the ligament material absolute
yield strengths corresponding to the ligament average temper-
atures at the times in the cycle when (7X - T0ot0)max and
(7; af - V^)^ are calculated.

The ligaments are subjected to severe thermal straining due
to the temperature difference between the ligament and
closeout wall. Thus Ae^ accounts for the major portion of the
plastic strain range in the hoop direction. However, there is
also an essential temperature drop through the wall of the
ligament. Since the ligament is constrained at the ends, this
causes bending.

The thermally induced bending, though acting only for a
short portion of the cycle, may enhance the ratchet strain. Its
effect may be assessed by computing the elastic energy of the
thermally induced bending stresses and correcting the hoop
strain accordingly. Conservatively assuming that all of the
available elastic energy goes into plastic straining of the
ligament:5

Acl'
L?(;-,.)Sy

where (AT) is the temperature drop across the ligament.

(15)

From Eqs. (7), (12), and (13) it can be shown that the
curvature and shear strain are, respectively

K-- H

and

y-2 2j-

In both these equations

2 n

(16)

(17)

(18)

where Ac^y and Ae£ are given by Eqs. (14) and (15), respec-
tively.

The curvature and shear strain as determined from Eqs. (16)
and (17) for each cross section can then be integrated along
the length of the ligament to obtain the bending and shear
deflections. Once the total deflection is known, the corre-
sponding thinning of the ligament is calculated by assuming
that the volume of the material remains constant.

Experimental evidence shows that the deformed shape of
the ligament can be approximated by a linear variation in
thickness as shown in Fig. 5. If 8 denotes the deflection per
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Fig. 5a Typical cooling channel wall failure.
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Fig. 5b Ligament linear thinning model.
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cycle, the thinning after N cycles is then given by:

Ndw (19)

Note that even though the incremental deflection remains
constant, the incremental strain at the center of the ligament
increases with each cycle, due to ligament thinning.

Development of Failure Mode Evaluation Criterion
The ligaments are subjected to incremental plastic deforma-

tions during each firing cycle of the thrust chamber. The
geometry of these ligaments changes as the incremental strains
accumulate. They are subjected to incremental inward bending
and simultaneously to a progressive thinning near the center
of the ligament. Both fatigue damage and the tensile stability
of the material are affected by local geometry changes. The
strain range at the minimum cross section of the ligament
intensifies with progressing distortion and thinning. Plastic
tensile instability occurs when the incremental strain harden-
ing of the deforming metal is less than the incremental in-
crease of true stress, due to local thinning. Once conditions of
tensile instability are reached, further stretching occurs as
minimum ligament section necking. The pressure in the cham-
ber causes ultimate failure of the necked ligament.
Plastic Instability—Necking

The plastic tensile instability of the ligament in the displace-
ment controlled thermal cyclic strain field is analyzed first by
considering the ligament as a biaxially loaded shell subjected
to monotonic tensile straining in the hoop and axial direc-
tions.

For a biaxially stretched sheet, the Mises yield condition is:

where a is the effective stress, a is the stress ratio a2/a;, and
aj and a2 are principal stresses in the hoop and axial direc-
tions, respectively.

In the present analysis, elastic strains will be neglected and
the Levy-Mises rule gives:

dc; dc2 dc
2-a 2a-l 1 + a

where

(21)

(22)

In the above, dc is the increment of effective strain and de7,
dc2, and dc^ are the strain increments in the hoop, axial, and
radial (thickness) directions, respectively.

For proportional loading, the stress ratio remains constant
and Eq. (21) can be integrated to give the total strains:

(23)2 - a 2a- 1 1 + a ' , 2\L
22(1 — a + a )2

Defining instability to occur when the hoop force F passes
through a maximum, i.e.,

dF=d(2Haa1) = 0 (24)

where 2H denotes the thickness of the ligament and a its
axial length. Equation (24) is differentiated to give

day da dH
—— = - — -—^r= -dc 7 -dc, =Oj a H - j

(from incompressibility)

Using Eq. (21) and noting that for proportional stressing
day/a; = da/a, the condition for instability is given by

da
dc

If the stress-strain law is

(2-a)o
2(1 -a + a2)2

(26)

(27)

where A and n are material constants, then on differentiating

(28)da
dc

no
I

Thus the critical effective strain is:

2n(l -a + a2)2

(2-a)
(29)

and the critical strain in the minimum ligament section from
Eq. (23) is then:

e, = (30)

For cyclic loading, the compressive straining of a ligament
at the beginning of the loading cycle is followed by tensile
strains. In each loading cycle the ligament accumulates plastic
strain. The net increments in the hoop and radial directions
occur at the end of the cycle when the axial strain is zero.
Thus, the limits of material stability can be approximated
by the analysis for plane strain conditions. The plastic strains
in the hoop direction dc;, and in the radial direction dc5
satisfy the condition of incompressibility. Since dc2 = 0:

dc7 = — dc5

Now,

(31)

(32)

where 2H denotes the original ligament thickness and t the
ligament variable thickness. Then using Eqs. (30), (31), and
(32), the critical thickness at instability is given by:

(33)

Strain Range—Fatigue
For fatigue calculations, the maximum local hoop strain

range at the minimum ligament section can be obtained from
the average hoop strain range by integration if the geometry of
the distorted ligament is known. As mentioned earlier, tests
indicate that the deformed shape of the ligament can be
approximated by a linear function as shown in Fig. 5. Thus,
the thickness variation can be written as:

2x (34)

(25)

where fmax and rmin are as shown in the figure. Now the
average strain in the hoop direction is given by (35)

(36a)

From equilibrium of forces in the hoop direction
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Using Eqs. (20), (27), and (23), Eq. (36a) is written as

(36b)

Substituting for ey(jc) into Eq. (35), the relation between the
average strain and local strain is given by:

€/ ='

Substituting for t(x) from Eq. (34), integrating and solving for
C/,nin &V*S:

-I
(38)

c/m.n, the local strain in the minimum ligament section, in-
tensifies with each cycle.

Using the conditions of incompressibility, the effective strain
range in the minimum ligament section for entering the fa-
tigue curve is then:

*2^'+*l (39)

hardening. The amount of plastic strain accumulation needed
to achieve such plastic shakedown can be theoretically de-
termined. For real materials with limited hardening capacity
and less than ideal kinematic behavior, the stable cyclic state
occurs at much larger accumulated strains than for an ideal
kinematically hardening material and may never be achieved.
Materials more closely obeying the theoretical concept of
kinematic hardening can be expected to fail due to fatigue
since retarded thinning allows the material to be exposed to
more fatigue cycles, as in the case of NARloy Z.

The number of cycles at which thinning stops is related to
the strain hardening parameter n. Hypothesizing a power
relationship, the following empirical criterion was obtained
using the results of Armstrong:8

NT= 750H1-25 (43)

where NT denotes the number of cycles at which thinning
stops.

If the number of cycles to reach the critical thickness for
plastic tensile instability is less than NT for a particular
material, tensile stability is the limiting failure mode. Once
thinning stops, the effective strain range remains constant, and
the further fatigue damage can easily be evaluated.

where c7m.n is given by Eq. (38) and €2min, the axial strain innunm.nm n
the minimum ligament section, is

(40)

For the linear variation assumed, the thicknesses f^ and
Nih cycle are given by:

(/+*;)
(41)

(42)

where 8 is the deformation per cycle.
Equations (38) through (42), along with the fatigue curve,

are then used to determine the fatigue life. However, since
c/min changes with each cycle, a numerical procedure is neces-
sary for performing the calculations to determine fatigue life.
A FORTRAN program, therefore, was written and used for
determining the cycles to failure.
Thrust Chamber Life Predictions

The results obtained using these analyses can be used to
predict the life of the thrust chamber. For small ligament
distortion, it can be conservatively assumed that the incremen-
tal thinning of the ligament remains constant during subse-
quent cycles. The numbers of cycles to failure can then be
bounded from below by considering the number of cycles
needed to reduce the thickness of the ligament below the
Critical value resulting in tensile instability, or by considering
the fatigue damage of the gradually thinned ligament,
whichever is more limiting. For OFHC copper, this bounding
technique provides a realistic evaluation of the cycles to
failure observed in experiments where failure was due to
tensile instability.

For NARloy Z, the thinning gradually diminishes in con-
secutive cycles due to material hardening, and the fatigue
mode of failure is limiting. It has been demonstrated theoreti-
cally6-7 that for kinematically hardening materials, the cycli-
cally loaded structure always achieves the condition of alter-
nating plastic straining if there is no limit on the hardening
capacity and the changes of geometry can be ignored. The net
increment of plastic ratchet strain vanishes after sufficient

Finite Element Analysis
The MARC9 general purpose finite element computer pro-

gram was used for the thermal and mechanical part of the
analysis. The MARC program was adapted to analyze the fast
thermal and pressure thrust nozzle transient. Optimized selec-
tion of the time and load steps was used for the thermal and
elastic-plastic analyses.

The finite element inelastic analysis confirmed the fact that
the simplified model developed herein includes the essence of
the physical behavior of the ligament/Moreover, the results of
the finite element analysis were employed in calibrating the
thermal model of the ligament.

The finite element mesh used for the analysis is shown in
Fig. 6. A description of the model and details of the finite
element analysis for the case of OFHC copper are given by
Porowski, et al.5
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Table 1 Comparison of analytical vs finite element results
(residual deflection after one cycle)

Deflection of pressure surface/cycle
Analytical results Finite element results

0.00029 in. (0.00737 mm) 0.00027 in. (0.00686 mm)

Comparison of Results
The numerical results obtained for OFHC copper, using the

simplified analysis procedure developed herein, are compared
with the finite element results in Table 1. The results are seen
to be in good agreement. The life prediction of 103 cycles for
OFHC copper and 833 cycles for NARloy Z was also in
general agreement with typical experimental results2 that
ranged from 58 to 220 cycles for OFHC copper and 556 to
688 cycles for NARloy Z, indicating that the simplified design
procedure can be used for predicting the life of the thrust
chamber without performing detailed inelastic analysis.

Conclusions
A simplified design procedure for predicting thrust chamber

life is developed herein. The method uses a yield surface for
combined bending and membrane loading to determine the
incremental inward bulging and progressive thinning near the
center of the ligaments at the inner liner of the thrust cham-
ber. Failure analyses indicate that plastic tensile instability is
the dominant mode of failure for OHFC copper. Both fatigue
and plastic tensile instability must be analyzed for NARloy Z
to determine the limiting failure mode. Results of the sim-

plified analyses are shown to compare favorably with experi-
mental data and finite element analysis results for OFHC
copper. Results are also in reasonably good agreement with
experimental data for NARloy Z.
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